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Abstract
In this paper we prove that an abelian group contains (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference
sets with m 3 if and only if it contains an elementary abelian 2-group of order 22m. Our proof shows that
the method of constructing such difference sets is essentially unique.
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1. Introduction
Given a finite group G of order v, a k-subset D of G is called a (v, k, λ)-difference set if for
every g = 1 in G, there are exactly λ pairs of (d1, d2) ∈ D ×D such that d1d−12 = g. A (v, k, λ)-
difference set in a group G gives rise to a (v, k, λ)-symmetric design whose automorphism group
contains G as a subgroup which acts regularly and transitively on the design. For more details
on difference sets, we refer the reader to Beth et al. [3] and Pott [17]. Much of the research
on the existence or nonexistence of difference sets in abelian groups has been focused on the
exponent bound of the groups. The best and most complete results of this type are difference
sets in abelian 2-groups [6,7,11–13]. Under the condition of character divisibility, abelian groups
containing Davis–Jedwab difference sets [1,8,18] have also been completely characterized. As
for McFarland difference sets, which are difference sets discovered by McFarland [16] with
parameters
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(
qn − 1
q − 1 + 1
)
, k = qn−1 q
n − 1
q − 1 , λ = q
n−1 qn−1 − 1
q − 1
for some positive integer n and some prime power q , the characterizations of abelian groups
containing these difference sets with character divisibility property are complete only for q odd
[14,15] or q = 4 [8,14,15]. This paper is a contribution towards the understanding of abelian
groups containing McFarland difference sets with q even and q  8. Specifically we study Mc-
Farland difference sets with q  8 a power of 2 and n = 2. The main result of this paper is
Theorem 1.1. There exist (22m+1(2m−1 +1),2m(2m+1),2m)-difference sets in an abelian group
G of order 22m+1(2m−1+1) with m 3 if and only if G contains an elementary abelian subgroup
of order 22m.
The rest of the paper is organized as follows. In Section 2, we review the necessary back-
ground materials that are extensively used throughout this paper. These include characters of
abelian groups, Frattini subgroups, group algebras and building sets introduced by Davis and
Jedwab [8]. The connection between building sets and the difference sets we are interested in
will also be established. In Section 3 we study subsets of abelian groups with certain charac-
ter sum properties. In Section 4 we apply results obtained in Section 3 to study transversals of
subgroups with certain character sum properties. We introduce two types of transversals that are
important in constructing building sets for the McFarland difference sets. Section 5 is devoted to
the proof of Theorem 1.1.
2. Preliminaries
In this section we review some of the important background materials used in this paper
including characters of abelian groups, Frattini subgroups, group algebras and building sets.
2.1. Characters
A character χ of a finite abelian group G is a homomorphism from G to the multiplicative
group of the nonzero complex numbers C∗. The set of all characters of G is a group under the
point-wise multiplication. This group is called the dual of G and is denoted by Gˆ. The identity
of Gˆ, the character χ of G such that χ(g) = 1 for every g ∈ G, is called the principal character
of G and is denoted by 1ˆG. The group Gˆ is isomorphic to G. If H is a subgroup of G, then
restriction of a character of G to H is a character of H and this restriction map
Res : Gˆ → Hˆ
is a group homomorphism. The kernel Ker(Res) of the restriction map consists of those charac-
ters χ of G which are principal on H , i.e., H Ker(χ). Hence
Ker(Res) ∼= Ĝ/H.
This implies that the restriction map Res is surjective as G is finite. The consequence of this
surjectivity is that every character χ of H can be extended to a character of G and there are
exactly |G/H | different ways of extending χ from H to G. The extendibility of characters of H
to G will be frequently used in this paper. If G = H1 × H2, then every character of G is the
product of a character of H1 and a character of H2, i.e., Gˆ = Hˆ1 × Hˆ2. To give a flavor of how
we use these facts in the subsequent sections, we prove the following simple lemma.
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that χ(g1) = 1 and χ(g2) = 1.
Proof. Let K = 〈g1〉 ∩ 〈g2〉. If K = {1}, then extension of any nonprincipal characters of K
to G gives the required characters of G. If K = {1}, consider H = 〈g1, g2〉 ∼= 〈g1〉 × 〈g2〉. Take
a nonprincipal character of 〈g1〉 and a nonprincipal character of 〈g2〉, their product is a character
of H and can be extended to G to obtain the required character. 
2.2. Frattini subgroup
An element g of a group G is said to be a nongenerator if G = 〈X〉 whenever G = 〈g,X〉 for
any subset X of G. The set of all nongenerators of a group G is a subgroup. This subgroup is
called Frattini subgroup and is denoted by Φ(G). The Frattini subgroup Φ(G) of G coincides
with the intersection of all proper maximum subgroups of G. If G is a finite p-group, then Φ(G)
is the smallest normal subgroup N of G such that G/N is an elementary abelian p-group. If G
is an abelian p-group, then obviously Φ(G) is the homomorphic image of the pth power map
of G. The groups G we will be investigating are 2-groups of exponent at most 4. The Frattini
subgroup of such a group G is Φ(G) = {g2 | g ∈ G} and it is elementary abelian. The characters
of G that are in the Frattini subgroup of the dual of G are precisely those which are principal on
the maximum elementary abelian subgroup of G, i.e., Φ(Gˆ) = {χ ∈ Gˆ | χ(x) = 1 for all x ∈ G
with x2 = 1}.
2.3. Group algebras of abelian groups
Let G be an abelian group. The group algebra C[G] of the group G with complex number
coefficients is the set of formal sums∑
g∈G
agg,
where ag ∈ C is the coefficient of g in the formal sum, endowed with the addition(∑
g∈G
agg
)
+
(∑
g∈G
bgg
)
=
∑
g∈G
(ag + bg)g,
and multiplication(∑
g∈G
agg
)(∑
g∈G
bgg
)
=
∑
g∈G
(∑
h∈G
ahbgh−1
)
g.
It is clear that C[G] is a C-algebra. For any subset X of G we often identify X with the group
algebra element
X =
∑
g∈X
g
and define X(t) to be
X(t) =
∑
gtg∈X
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|G/Φ(G)|Φ(G) in C[G]. A k-element subset D of G is a (v, k, λ) difference set if and only if
DD(−1) = (k − λ)+ λG
in C[G]. If f :G1 → G2 is a group homomorphism, then f induces an algebra homomorphism
f :C[G1] → C[G2] by C-linearly extending f from G1 to C[G1]. Also if G ∼= H1 × H2 and
χ ∈ Hˆ2, then χ also induces a C-algebra homomorphism χ :C[G] → C[H1]. When H1 is triv-
ial, every character χ of G induces a C-algebra homomorphism χ :C[G] → C. By the Fourier
inversion formula, two elements X and Y in C[G] are equal if and only if χ(X) = χ(Y ) in C for
all χ ∈ Gˆ. In particular, one has
Lemma 2.2. A k-element subset D of an abelian group G of order v is a (v, k, λ)-difference set
if and only if for every nonprincipal χ ∈ Gˆ, |χ(D)| = √k − λ.
More generally, if G ∼= H1 ×H2 and X and Y are in C[G], then X = Y if and only if χ(X) =
χ(Y ) in C[H1] for all χ ∈ Hˆ2.
2.4. Building sets
In [8], Davis and Jedwab introduced the notion of “building sets.” This clever idea unifies
the constructions of Arasu and Seghal [2], McFarland [16], Dillon [10], Spence [19] and many
others on Hadamard difference sets, and led to the discovery of new difference sets in [1,4,5,8]
as well as new relative difference sets in [9]. Given an abelian group G and a subgroup N of G.
A family of subsets E1, E2, . . . , Em of G is called (k, n,m)-building sets relative to N if
(i) |Ei | = k, i = 1,2, . . . ,m,
(ii) for very character χ of G which is trivial on N but nontrivial on G, χ(Ei) = 0 for all i, and
(iii) for every character χ of G which is nontrivial on N , there is exactly one i with |χ(Ei)| = n
and χ(Ej ) = 0 for all j = i.
For an abelian group G of order 22m+1(2m−1 + 1), the prime 2 is self conjugate. By Mann Test,
if D is a (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference set contained in G, then 2m divides
χ(D) for every χ ∈ Gˆ, i.e., D has character divisibility property. From the results of [14,15],
the Sylow 2-subgroup of G is of exponent at most 4. The following lemma shows that the ex-
istence of (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference sets in an abelian group G of order
22m+1(2m−1 +1) is equivalent to that of (2m+1,2m,2m−1)-building sets in the Sylow 2-subgroup
of G relative to some subgroup of order 2m.
Lemma 2.3. Let G be an abelian group of order 22m+1(2m−1 + 1) whose Sylow 2-subgroup has
exponent no larger than 4. The group G contains (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference
sets if and only if its Sylow 2-subgroup contains (2m+1,2m,2m−1)-building sets relative to some
subgroup N of order 2m.
Proof. Let K be the Sylow 2-subgroup of G and H the subgroup of G of order 2m−1 + 1. Then
G ∼= K ×H . Suppose D is a (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference set in G. The set D
can be written as
D = E0 + h1E1 + h2E2 + · · · + h2m−1E2m−1 ,
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every 0 i  2m−1, by the Fourier inversion formula, one has
χ(Ei) = 12m−1 + 1
∑
φ∈Hˆ
(χφ)(D)φ
(
h−1i
)
.
Since 2m|(χφ)(D) and 2m is relatively prime to 2m−1 + 1, one gets 2m|χ(Ei) for all χ ∈ Kˆ and
all 0 i  2m−1. Also when χ is principal on K , the size
|Ei | = 12m−1 + 1
∑
φ∈Hˆ
(1ˆKφ)(D)φ
(
h−1i
)
 1
2m−1 + 1
∑
φ∈Hˆ
∣∣(1ˆKφ)(D)φ(h−1i )∣∣
= 1
2m−1 + 1
(
2m
(
2m + 1)+ 2m−12m)= 2m(3 − 2
2m−1 + 1
)
for all 0  i  2m−1. Since 2m||Ei | = 1ˆK(Ei), one has |Ei |  2m+1 for all 0  i  2m−1.
The fact that |D| = 2m(2m + 1) implies that |Ei | = 2m+1 for all i except one, say i = 0, with
|E0| = 2m. When χ is nonprincipal on K , the absolute value∣∣χ(Ei)∣∣= 12m−1 + 1
∣∣∣∣∑
φ∈Hˆ
(χφ)(D)φ
(
h−1i
)∣∣∣∣ 12m−1 + 1
∑
φ∈Hˆ
∣∣(χφ)(D)φ(h−1i )∣∣= 2m
for all 0 i  2m−1. Since 2m|χ(Ei) and χ(Ei) ∈ Z[
√−1] as K is of exponent no larger than 4,
one has |χ(Ei)| = 2m or 0 for all nonprincipal χ ∈ Kˆ and all 0 i  2m−1. This implies that E0
is a coset of a subgroup, say N , of order 2m in K . From DD(−1) = 22m + 2mG, one gets
2m−1∑
i=0
EiE
(−1)
i = 22m + 2mK
and
2m−1∑
i=0
∣∣χ(Ei)∣∣2 = 2
m−1∑
i=0
χ
(
EiE
(−1)
i
)= 22m
for every nonprincipal χ ∈ Kˆ . Hence E1, E2, . . . , E2m−1 form (2m+1,2m,2m−1)-building sets
in K relative to N . Conversely, if K contains (2m+1,2m,2m−1)-building sets E1, E2, . . . , E2m−1
relative to N of order 2m, then it is easy to check that when E0 = N and
D = E0 + h1E1 + h2E2 + · · · + h2m−1E2m−1 ,
one has |χ(D)| = 2m for all nonprincipal χ ∈ Gˆ and therefore, by Lemma 2.2, D is a
(22m+1(2m−1 + 1),2m(2m + 1),2m)-difference set in G. 
3. Subsets in abelian 2-groups with certain character sum properties
In this section we study subsets E in abelian 2-groups G of exponent no larger than 4 such
that |χ(E)| = |E|/2 or 0 for all nonprincipal χ ∈ Gˆ. The results in this section will be used in
subsequent sections in investigating (2m+1,2m,2m−1)-building sets. We start with the following
two simple technical lemmas. The first one shows that E ∩K inherits character divisibility from
E, where K is any index 2 subgroup of G, while the second demonstrates that E contains a coset
of a subgroup of order |E|/4 if |χ(E)| = |E|/2 for some character χ of order 2 in Gˆ.
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the property that there is a positive integer l such that for every character φ ∈ Gˆ, the character
sum φ(E) ≡ 0 (mod 2l). Then for every index 2 subgroup K of G, the subset E ∩ K has the
property that for every χ ∈ Kˆ , the character sum χ(E ∩K) ≡ 0 (mod l).
Proof. Let K be an index 2 subgroup of G and x ∈ G \K . The set E can be decomposed into
E = (E ∩K)+ x(x−1E ∩K).
For every character χ ∈ Kˆ , there are two characters χ+ and χ− in Gˆ such that χ+|K =
χ−|K = χ and χ+(x)+ χ−(x) = 0. Applying χ+ and χ− to E, one gets
χ+(E) = χ(E ∩K)+ χ+(x)χ(x−1E ∩K)≡ 0 (mod 2l),
χ−(E) = χ(E ∩K)+ χ−(x)χ(x−1E ∩K)≡ 0 (mod 2l).
The sum of the two equations ensures that χ(E ∩K) ≡ 0 (mod l). 
Lemma 3.2. Let G be an abelian 2-group of exponent no larger than 4 and E a subset of G such
that |E| ≡ 0 (mod 4). If the subset E satisfies
(1) for every character χ ∈ Gˆ, the value χ(E) ≡ 0 (mod |E|/2), and
(2) there is a character φ ∈ Gˆ of order 2 such that |φ(E)| = |E|/2,
then E contains a coset of a subgroup of order |E|/4 in G.
Proof. Let K be the kernel of φ. Since φ is of order 2, the subgroup K is of index 2 in G. Let
x ∈ G \ K . Then E = (E ∩ K) + x(x−1E ∩ K) and φ(E) = |E ∩ K| − |x−1E ∩ K| = ±|E|/2.
Hence either |E ∩K| = |E|/4 or |x−1E ∩K| = |E|/4. By Lemma 3.1, χ(E ∩K) ≡ χ(x−1E ∩
K) ≡ 0 (mod |E|/4) for all χ ∈ Kˆ . Therefore E contains a coset of a subgroup of order |E|/4
in G. 
The next lemma shows that the subgroup (Z/2Z)3 in (Z/4Z)3 has no transversal E such that
χ(E) ≡ 0 (mod 4) for all characters of (Z/4Z)3. This is actually a crucial fact of our proof of
Theorem 1.1.
Lemma 3.3. Let G ∼= (Z/4Z)3 and N the maximum elementary abelian subgroup of G. There is
no transversal E of N in G such that χ(E) ≡ 0 (mod 4) for every χ ∈ Gˆ.
Proof. Let G = 〈x〉 × 〈y〉 × 〈z〉, where x, y and z are of order 4. Up to equivalence by isomor-
phisms and translations of G, we may assume that
E = 1 + x + y + z + xywxy + yzwyz + zxwzx + xyzwxyz,
where wxy , wyz, wzx and wxyz are elements in N . Since χ(E) ≡ 0 (mod 4) for every χ ∈ Gˆ, one
can check that∏
χ(g) = 1
g∈E
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g∈E
g = wxywyzwzxwxyz = 1
and wxyz = wxywyzwzx . If we apply character χ such that χ(x) = ±
√−1, χ(y) = ±1 and
χ(z) = ±1, we find that 1+χ(y)+χ(z)+χ(y)χ(z)χ(wyz) ≡ 0 (mod 4) and 1+χ(y)χ(wxy)+
χ(z)χ(wzx) + χ(y)χ(z)χ(wxyz) ≡ 0 (mod 4). This is equivalent to χ(wyz) = 1 because a1 +
a2 + a3 + a4 ≡ 0 (mod 4) if and only if a1a2a3a4 = 1 when ai = ±1 for i = 1,2,3,4. Therefore
wyz ∈
{
1, y2, z2, y2z2
}
.
Similarly,
wzx ∈
{
1, x2, z2, x2z2
}
,
wxy ∈
{
1, x2, y2, x2y2
}
,
wyzwxyz ∈
{
1, x2, y2z2, x2y2z2
}
,
wzxwxyz ∈
{
1, y2, z2x2, x2y2z2
}
,
wxywxyz ∈
{
1, z2, x2y2, x2y2z2
}
,
wxyz ∈
{
x2, y2, z2, x2y2z2
}
.
Therefore we need wxy , wyz, wxz and wxyz in N satisfy
wxy ∈
{
1, x2, y2, x2y2
}∩wxyz{1, z2, x2y2, x2y2z2}, (1)
wyz ∈
{
1, y2, z2, y2z2
}∩wxyz{1, x2, y2z2, x2y2z2}, (2)
wzx ∈
{
1, x2, z2, x2z2
}∩wxyz{1, y2, z2x2, x2y2z2}, (3)
wxyz ∈
{
x2, y2, z2, x2y2z2
}
, (4)
wxywyzwxzwxyz = 1. (5)
One can easily check that there is no wxyz in {x2, y2, z2, x2y2z2} that can produce wxy , wyz and
wzx that satisfy all conditions above. 
For a p-group G and a normal subgroup N of G, it is clear that Φ(N) is contained in N ∩
Φ(G) as Φ(N) is the smallest normal subgroup X of N such that N/X is elementary abelian
while N/(N ∩ Φ(G)) is a subgroup of G/Φ(G) which is elementary abelian. An interesting
consequence of Lemma 3.3, which we prove as the following corollary, is that if a subgroup N
of an abelian 2-group G of exponent no larger than 4 has a transversal E with the property that
χ(E) ≡ 0 (mod |E|/2) for all χ ∈ Gˆ, then Φ(N) is at most index 4 in N ∩Φ(G).
Corollary 3.4. Let G be an abelian 2-group of exponent no larger than 4 and N a subgroup of G.
Let E be a transversal of N in G. If for every character χ ∈ Gˆ, the value χ(E) ≡ 0 (mod |E|/2),
then |(N ∩Φ(G))/Φ(N)| 4.
Proof. If |(N ∩ Φ(G))/Φ(N)| 8, there is a subgroup K ∼= (Z/4Z)3 of G such that N ∩ K ∼=
(Z/2Z)3 and Φ(N)∩K = {1}. Then the group N has a subgroup N ′ such that N ′ ∩K = {1} and
N = (N ∩ K)N ′. In the quotient group G/N ′, the image E¯ of E is a transversal of the image
N¯ = N/N ′ ∼= N ∩ K < K¯ ∼= K . The transversal also has the property that for every character
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K¯ = H0 <H1 <H2 < · · · <Hk−1 <Hk = G¯, where k is the positive integer that satisfies |G¯| =
2k+6, such that |Hi/Hi−1| = 2 for i = 1, 2, . . . , k. Applying Lemma 3.1 successively to the
subgroups Hk−1, Hk−2, . . . , H0 = K¯ , one finds that E¯ ∩ K¯ has the property that χ(E¯ ∩ K¯) ≡
0 (mod 4) for every character χ ∈ ˆ¯K . Also E¯ ∩ K¯ is a transversal of N¯ in K¯ . This contradicts
Lemma 3.3. 
As an application of Corollary 3.4, we prove the following lemma which shows that every set
in (2m+1,2m,2m−1)-building sets satisfies the conditions of Lemma 3.2.
Lemma 3.5. Let m  3 be an integer. Let G be an abelian group of order 22m+1 and of expo-
nent at most 4, and E a subset of G of size 2m+1. If for every nonprincipal character χ ∈ Gˆ,
|χ(E)| = 2m or 0, then there is a character χ of order 2 in Gˆ such that |χ(E)| = |E|/2.
Proof. Suppose to the contrary. Then χ(E) = 0 for every character χ of order 2 in Gˆ, i.e.,
every χ ∈ Gˆ with Φ(G) Ker(χ). Let G¯ = G/Φ(G). Then the image E¯ of E in G¯ must be a
multiple of the whole group. Hence |G¯| = |G/Φ(G)| |E| = 2m+1, or equivalently, |Φ(G)|
|G|/|E| = 2m. Since G is of exponent at most 4, |Φ(G)|  2m. Therefore |Φ(G)| = 2m and E
is a transversal of Φ(G) in G, which contradicts Corollary 3.4. 
4. Transversals in abelian 2-groups with certain character sum properties
In this section we introduce two types of transversals and show that they arise frequently in
the building sets that we are interested in. Let G be an abelian 2-group of exponent no larger than
4 and N a subgroup of G. Let E be a transversal of N in G. The two types of transversals that
we want to investigate are
(I) There are two subgroups H1 and H2 of G such that |H1| = |H2| = |E|/2 and E = aH1 +
bH2 for some a and b in G;
(II) There is a subgroup H of G of order |E|/8 and an 8-element subset E′ of G such that
E = HE′.
The next two lemmas give descriptions of the structure of type (I) transversals. The first one
is valid without any restrictions while the second is for transversal E with the property that
|χ(E)| = |E|/2 or 0.
Lemma 4.1. If E is of type (I), then |H1 ∩N | = |H2 ∩N | = 1, H1N = H2N and a−1b /∈ H1N .
Proof. Since E is a transversal of N in G, it is obvious that |H1 ∩ N | = |H2 ∩ N | = 1. Since
a−1E is also a transversal of N in G, the intersection NH1 ∩ a−1E = H1 is a transversal of N
in NH1, and therefore a−1bH2 ∩ NH1 = ∅. Hence a−1b /∈ NH1. Since NH1 is an index 2
subgroup of G = NE, one finds that the subgroup H2 ⊆ ab−1(G\NH1) = NH1. Since |H1N | =
|H2N |, one gets H1N = H2N . 
Lemma 4.2. Let E be a transversal of type (I). If E has the property that |χ(E)| = |E|/2 or 0 for
every nonprincipal character χ ∈ Gˆ, then N  〈H1,H2〉, |H1 ∩H2| = |E|/(2|N |) and H1/(H1 ∩
H2) ∼= H2/(H1 ∩H2) ∼= N .
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because if G = 〈a−1E〉 then there are characters χ that are nonprincipal on G but principal on
〈a−1E〉, so that |χ(E)| = |χ(a−1E)| = |E|. We show that N H . If there is an x ∈ N such that
x /∈ H , then x = (a−1b)sh for some integer 1 s  3 and some h ∈ H . By Lemma 4.1, s = 1 or 3
as (a−1b)s = xh−1 ∈ NH = NH1 = NH2. This implies that s = 2, a−1b is an element of order 4
and |〈a−1b〉∩H | = 1. Hence there is a nonprincipal character χ ∈ Gˆ with χ((a−1b)2) = −1 and
χ is principal on H , so that |χ(E)| = √2|E|/2. This contradicts the assumption that |χ(E)| =
|E|/2 or 0 for every nonprincipal character χ ∈ Gˆ. Therefore N  H and H = NH1 = NH2.
From |〈H1,H2〉| = |H1||H2|/|H1 ∩ H2|, one gets |H1 ∩ H2| = |E|/(2|N |). Now consider the
group G¯ = G/(H1 ∩ H2) and the image E¯ of E in G¯. Clearly, E¯ = |H1 ∩ H2|(a¯H¯1 + b¯H¯2) and
a¯H¯1 + b¯H¯2 is a transversal of N¯ in G¯ which has the property that for every nonprincipal character
χ ∈ ˆ¯G, the absolute value |χ(a¯H¯1 + b¯H¯2)| = |a¯H¯1 + b¯H¯2|/2 or 0, where H¯1 = H1/(H1 ∩ H2),
H¯2 = H2/(H1 ∩ H2) and N¯ ∼= N is the image of N in G¯. Since |H¯1 ∩ H¯2| = |H¯1 ∩ N¯ | = |H¯2 ∩
N¯ | = 1 and H¯1H¯2 = H¯1N¯ = H¯2N¯ , one gets H¯1 ∼= H¯2 ∼= N¯ ∼= N . 
The next two lemmas show that for a type (II) transversal E of N in G, there is a restriction
on the size of the subgroup N when we impose the condition χ(E) = |E|/2 or 0 for every
nonprincipal χ ∈ Gˆ.
Lemma 4.3. Let G be a finite abelian 2-group and N a subgroup of G. If a transversal E of N
in G satisfies
(1) |E| 8, and
(2) |χ(E)| = |E|/2 or 0 for every nonprincipal character χ ∈ Gˆ,
then |N | |E|.
Proof. Consider the group ring element
X = E2E(−1) − |E|
2
4
E ∈ Z[G].
Since χ(X) = 0 for every nonprincipal character χ ∈ Gˆ, X = λG for some integer λ. Applying
the principal character of G, one gets λ = (3|E|3)/(4|G|) = (3|E|2)/(4|N |) and |N | divides
|E|2/4 as G is a 2-group. When |E| = 2 or 4, we clearly have |N | |E|. When |E| = 8, if λ is
even, then |N | divides |E|2/8 and therefore |N | |E|. If λ is odd, then λ = 3 and
E2E(−1) = |E|
2
4
E + 3G.
From E2 = E(2) + 2U for some U ∈ Z[G], one gets E(2)E(−1) − G = 2V for some V ∈ Z[G].
This implies that for every g ∈ G, the coefficient of g in E(2)E(−1) is odd, and therefore |G|
|E(2)E(−1)| = |E|2 and |N | |E|. 
Corollary 4.4. Let E be of type (II). If E has the property that |χ(E)| = |E|/2 or 0 for every
nonprincipal character χ ∈ Gˆ, then |N | 8.
Proof. From the definition of type (II) transversal, one has E = HE′, where H is a subgroup
and E′ is an 8-element set. Clearly |H ∩ N | = 1 and E′ is a transversal of NH in G as E is a
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image of E′ in G¯. Since E′ is a transversal of NH in G, its image E¯′ contains 8 elements and
is a transversal of N¯ ∼= N in G¯. Because E has the property that |χ(E)| = |E|/2 or 0 for every
nonprincipal character χ ∈ Gˆ, the transversal E¯′ also has the property that |χ(E¯′)| = |E¯′|/2 or 0
for every nonprincipal character χ ∈ ˆ¯G. By Lemma 4.3, |N | 8. 
If the set E in Lemma 3.2 is a transversal of a subgroup N of G, then by a translation,
we can assume that such a transversal contains a subgroup A of G with |A| = |E|/4. Obviously
|A∩N | = 1 as A is contained in a transversal of N , and [G : NA] = 4. The following two lemmas
show that E is of type (I) or (II) when G/NA ∼= (Z/2Z)2 and is of type (I) when G/NA ∼= Z/4Z
and N is elementary abelian.
Lemma 4.5. Let G be an abelian 2-group of exponent no larger than 4 and N a subgroup of G
such that |N | 8. Let E be a transversal of N in G which contains a subgroup A of G such that
|A| = |E|/4. If
(1) for every character χ ∈ Gˆ, the absolute value |χ(E)| = |E|/2 or 0, and
(2) G/NA ∼= (Z/2Z)2,
then E must be of type (I) or (II).
Proof. Let {1, x, y, xy} be a transversal of NA in G. Since G/NA ∼= (Z/2Z)2, we have three in-
dex 2 subgroups H1 = (1+x)NA, H2 = (1+y)NA and H3 = (1+xy)NA of G. By Lemma 3.1,
the set E ∩ Hi has the property that χ(E ∩ Hi) ≡ 0 (mod |E|/4) for all i. Note that E is a
transversal of N in G and N < Hi for all i, therefore E ∩ Hi is a transversal of N in Hi and
|E ∩Hi | = |E|/2 for all i. Since E ∩NA = A, one gets
|E ∩ xNA| = |E ∩ yNA| = |E ∩ xyNA| = |E|/4
and
χ(E ∩ xNA) ≡ χ(E ∩ yNA) ≡ χ(E ∩ xyNA) ≡ 0 (mod |E|/4).
This implies that E ∩ xNA, E ∩ yNA and E ∩ xyNA are cosets of subgroups of order |E|/4
in G. Hence we can assume that E∩xNA = xuA1, E∩yNA = yvA2 and E∩xyNA = xywA3,
where Ai is a subgroup of NA such that |Ai | = |E|/4 and |Ai ∩ N | = 1 for i = 1, 2 and 3, and
u,v and w are in N as NAi = NA for all i, and E = A+ xuA1 + yvA2 + xywA3.
If two of the four groups A, A1, A2 and A3 are the same, we claim that E is of type (I).
Without loss of generality, we assume that A = A2. Then A1 = A3 because χ(E) ≡ 0
(mod |E|/2) implies that χ is principal on even number of the groups A, A1, A2 and A3 for
every χ ∈ N̂A. Therefor A+ yuA2 = A(1 + yu) and xvA1 + xywA3 = xvA1(1 + ywv−1). We
now want to show that (yu)2 ∈ A or (ywv−1)2 ∈ A1, and it follows that A(1 + yu) is a group or
A1(1+ywv−1) is a group, and subsequently it implies that both of them are groups as χ(E) ≡ 0
(mod |E|/2) for all χ ∈ Gˆ, and hence E is of type (I). Suppose to the contrary. Then (yu)2 /∈ A
and (ywv−1)2 /∈ A1. Let us look at (yu)2(ywv−1)2. Since (yu)2(ywv−1)2 = (uwv−1)2 ∈ N and
A ∩ N = {1}, if (yu)2(ywv−1)2 = 1, then we can find a χ ∈ Gˆ such that χ((yu)2(ywv−1)2) =
χ((yu)2) = −1 and χ is principal on A, which implies that
χ
(
A(1 + yu))= (1 ± √−1 )|E|/4 and χ(xvA1(1 + ywv−1))≡ 0 (mod |E|/2)
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(ywv−1)2 = 1 and (yu)2 = (ywv−1)2. Now (yu)2 = (ywv−1)2 cannot be in 〈A,A1〉 because if
(yu)2 = (ywv−1)2 ∈ 〈A,A1〉, then there is a χ ∈ Gˆ such that χ((yu)2) = −1 and χ is principal
on A as (yu)2 /∈ A, which would ensure χ(A1) = 0 as (yu)2 = (ywv−1)2 ∈ 〈A,A1〉 and χ(E) =
(1±√−1)|E|/4, contradicting χ(E) ≡ 0 (mod |E|/2). Now since (yu)2 = (ywv−1)2 /∈ 〈A,A1〉,
one must have A = A1 because, again, if A = A1, then there is a χ ∈ Gˆ such that χ((yu)2) =
−1, χ is principal on A but not principal on A1 as A = A1, which implies that χ(E) = (1 ±√−1)|E|/4 contradicting χ(E) ≡ 0 (mod |E|/2). Hence E = A(1 + xu + yv + xyw). In the
group G¯ = G/A, the image of {1, xu, yv, xyw} form a transversal of N¯ ∼= N in G¯ and has
the property that |χ(1 + xu + yv + xyw)| = 2 or 0 for all nonprincipal character χ ∈ ˆ¯G. By
Lemma 4.3, N  4, contradicting N  8.
If no two of A, A1, A2 and A3 are the same, let A0 = A, we claim that∣∣∣∣
3⋂
i=0
Ai
∣∣∣∣= |E|/8.
Let H =⋂3i=0 Ai. By taking the quotient G/H , we may assume that H = {1} and we need to
show that |E| = 8. From |H | = 1, we can see that the intersections of any three of the four groups
A, A1, A2 and A3 are trivial. This is because if there are three groups, say A1, A2 and A3 such
that
⋂3
i=1 Ai = {1}, then there is a character χ ∈ Gˆ such that χ is nonprincipal on
⋂3
i=1 Ai and
principal on A0 = A as A ∩ (⋂3i=1 Ai) = {1}, which implies |χ(E)| = |E|/4, a contradiction.
We now calculate the sizes of pairwise intersections of the 4 groups. Let F = NA0 = NA1 =
NA2 = NA3 and consider the images A¯1, A¯2 and A¯3 of A1, A2 and A3 respectively in the
group F/A0 ∼= N . None of these three images is trivial as Ai  A0 for all i = 0. Also every
character χ ∈ F̂/A0 must be trivial on at least one of the three images as such a χ of F/A0 can
be extended to a character of G which is principal on A0. If there are two images, say A¯1 and A¯2,
such that A¯1 ∩ A¯2 = {1}, then for any 1 = u ∈ A¯1 ∩ A¯2 and 1 = v ∈ A¯3, by Lemma 2.1, there is a
character χ ∈ F̂/A0 such that χ(u) = 1 and χ(v) = 1, which implies there are characters which
are nonprincipal on all three images and this is not possible. Hence the pairwise intersections of
the three images must be trivial. Let 1 = ai ∈ A¯i for i = 1,2 and 3. Since there is no character
χ such that χ(ai) = 1 for all i, the set {1, a1, a2, a3} must be a group isomorphic to (Z/2Z)2.
Fix a1 and a2, we can see that A¯3 = {1, a3}. Similarly, A¯i = {1, ai} for all i = 1, 2 and 3. Hence
|Ai/(A0 ∩Ai)| = |A¯i | = 2 for all i, and similarly, |Ai/(Ai ∩Aj)| = 2 for all i = j . Since |(Ai ∩
Aj) ∩ (Ai ∩ Ak)| = 1 when i, j and k are distinct, either Ai ∼= (Z/2Z)2 for all i, or Ai ∼= Z/2Z
for all i as these are the only groups containing index 2 subgroups with trivial intersections. If
Ai ∼= (Z/2Z)2, then 〈A0,A1,A2,A3〉 ∼= (Z/2Z)3, which is impossible as there are characters
that are trivial on exactly one of these Ai ’s since they are hyperplanes of 〈A0,A1,A2,A3〉. So
|Ai | = 2 for i = 0, 1, 2 and 3 and |E| = 8. 
Lemma 4.6. Let G be an abelian 2-group of exponent no larger than 4 and N an elementary
abelian subgroup of G such that |N |  8. Let E be a transversal of N in G which contains a
subgroup A of G such that |A| = |E|/4. If
(1) for every character χ ∈ Gˆ, the absolute value |χ(E)| = |E|/2 or 0, and
(2) G/NA ∼= Z/4Z,
then E must be of type (I).
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x2A2) + x(A1 + x2A3), where A1, A2 and A3 are transversals of N in NA and x is an element
of order 4 in G such that |〈x〉 ∩ (NA)| = 1. Since A + x2A2 = E ∩ 〈x2〉NA, by Lemma 3.1,
χ(A + x2A2) ≡ 0 (mod |E|/4) for all χ ∈ ̂〈x2〉NA. It follows that A2 = uB for some subgroup
B of order |E|/4 in NA with |B ∩ N | = 1 and NA = NB , and u ∈ N because A is a group of
order |E|/4. We now show that A = B . Let F = NA = NB . If A = B , then there is a χ ∈ Gˆ
such that χ(A) = χ(B) and χ(x2) = −1 as |〈x〉∩F | = 1. Since F/A ∼= F/B ∼= N is elementary
abelian and either A or B is contained in the kernel of χ , the character χ |F must be of order 2.
Therefore χ(A1) and χ(A3) are real, and consequently, χ(A1 + x2A3) is real, which contradicts
|χ(E)| = |E|/2 or 0 for all nonprincipal χ ∈ Gˆ. Hence A = B and A+ x2A2 = A(1 + ux2) is a
group as ux2 is of order 2. Now for every χ ∈ Gˆ,
χ
(
x
(
A1 + x2A3
))= χ(E)− χ(A+ x2A2)≡ 0 (mod |E|/2).
This implies that A1 +x2A3 is a coset of a subgroup of order |E|/2 in G and E is of type (I). 
We now change the conditions imposed on G/NA to conditions on characters and obtain the
following two corollaries which are actually the ones used in the proof of the main theorem.
Corollary 4.7. Let G be an abelian 2-group of exponent no larger than 4 and N an elementary
abelian subgroup of G such that |N | 8. If a transversal E of N in G satisfies
(1) for every nonprincipal character χ ∈ Gˆ, the absolute value |χ(E)| = |E|/2 or 0, and
(2) there is a character φ ∈ Gˆ of order 2 such that |φ(E)| = |E|/2,
then E must be of type (I) or (II).
Proof. By Lemma 3.2, we may assume that the set E contains a subgroup A of order |E|/4
in G. Since E is a transversal of N in G, |A ∩ N | = 1 and [G : NA] = 4. By Lemmas 4.5 and
4.6, the transversal E is either of type (I) or (II). 
Corollary 4.8. Let G be an abelian 2-group of exponent 4 and N a subgroup of G such that
|N | 8 and the exponent of N is 4. If a transversal E of N in G satisfies
(1) for every nonprincipal character χ ∈ Gˆ, the absolute value |χ(E)| = |E|/2 or 0, and
(2) there is a character φ ∈ Φ(Gˆ) such that |φ(E)| = |E|/2,
then E must be of type (I) or (II).
Proof. Let K = Ker(φ) be the kernel of φ. Since φ ∈ Φ(Gˆ), φ is of order 2 and |G/K| = 2.
By the proof of Lemma 3.2, we can assume that E ∩ K is a subgroup of K of order |E|/4. We
know that G = K + xK for some x /∈ K . The element x is of order 4 as φ ∈ Φ(Gˆ) and we can
also assume that x ∈ N as E is a transversal of N in G. We now show that there is an index 2
subgroup H of K such that |〈x2〉∩H | = 1. This is equivalent to show that x2 /∈ Φ(K), i.e., there
is no y ∈ K such that y2 = x2. Suppose that there is y ∈ K such that y2 = x2. Then (xy)2 = 1.
This implies that xy ∈ K as φ ∈ Φ(Gˆ), and hence x ∈ K , a contradiction. Let H be a subgroup
of K such that |〈x2〉 ∩H | = 1 and K = 〈x2〉H . The group E ∩K is not contained in H because
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which implies that
χ(E) = χ(E ∩K)+ χ(x)χ(x−1E ∩K)= (|E|/4)± χ(x−1E ∩K)√−1
and χ(x−1E ∩ K) is real as χ |K is of order 2 since H  Ker(χ), contradicting the condition
that |χ(E)| = |E|/2 or 0 for every nonprincipal character χ ∈ Gˆ. Hence E ∩ H is an index 2
subgroup of E ∩K and E ∩K = (E ∩H)(1 + x2y) for some y ∈ H such that y /∈ E but y2 ∈ E.
Let F = (E ∩ H)(1 + y). F is a subgroup of H of order |E|/4. Let H1 be an index 2 subgroup
of H such that E ∩ H H1. If y /∈ H1, then there is a χ ∈ Gˆ such that χ is principal on H1 but
not on H and χ(x2) = −1. Such a χ is real on K as K = 〈x2〉H and χ |H is real. Hence, again
χ(E) = χ(E ∩K)+ χ(x)χ(x−1E ∩K)= (|E|/4)± χ(x−1E ∩K)√−1
contradicting the condition that |χ(E)| = |E|/2 or 0 for every nonprincipal character χ ∈ Gˆ.
Therefore y ∈ H1 for every index 2 subgroup H1 of H that contains E ∩H . This is equivalent to
that the rank of H/(E∩H) is equal to that of H/(E∩H)(1+y), or the image of y in H/(E∩H)
is in Φ(H/(E ∩ H)), i.e., y = st2 for some s ∈ E ∩ H and t ∈ H but |(E ∩ H) ∩ 〈t〉| = 1.
Therefore F = (E ∩ H)(1 + y) = (E ∩ H)(1 + t2) and E ∩ K = (E ∩ H)(1 + x2t2). Now
t2 /∈ N(E ∩H) because if t2 = uv with u ∈ N and v ∈ E ∩H , then
E ∩K = (E ∩H)(1 + x2t2)= (E ∩H)(1 + x2uv)= (E ∩H)(1 + x2u),
which is impossible as E is a transversal of N in G and x2u ∈ N . Hence |〈t〉 ∩ N(E ∩ H)| = 1
and G/N(E∩H) ∼= Z/2Z×Z/4Z. Since N(E∩K) = N(E∩H)(1+x2t2) = N(E∩H)(1+ t2)
as x2 ∈ N , one gets G/N(E ∩K) ∼= (Z/2Z)2 and, by Lemma 4.5, E is of type (I) or (II). 
We finish this section with a lemma that shows the groups involved in the type (I) transversals
of (2m+1,2m,2m−1)-building sets form some kind of orthogonal system.
Lemma 4.9. Let G be an abelian group of order 22m+1 and of exponent at most 4 and N a
subgroup of G of order 2m. Let E1 = a1H1 +a2H2, E2 = a3H3 +a4H4, . . . , Ek = a2k−1H2k−1 +
a2kH2k be a family of type (I) transversals of N in G, where Hi are subgroups of order 2m in G
and Hi ∩ N = {1} for all i = 1,2, . . . , k. If for every nonprincipal character χ ∈ Gˆ, there is
at most one Ei such that |χ(Ei)| = 2m, and χ(Ej ) = 0 for all j = i, then Hs ∩ Ht = {1} and
NHs = NHt = HsHt for all 1 s = t  2k.
Proof. According to Lemma 4.2 and the condition that for every nonprincipal character χ ∈ Gˆ,
there is at most one Ei such that |χ(Ei)| = 2m, and χ(Ej ) = 0 for all j = i, we can see that χ
can be principal on at most one Hi , 1 i  k when χ is nonprincipal on N . If χ is nonprincipal
on N and principal on Hs for some 1 s  k, then χ is a character of G¯ = G/Hs . The image N¯
of N in G¯ is isomorphic to N as Hs ∩ N = {1}. For every t = s, the group N¯ must be contained
in the image group H¯t of Ht because otherwise there is a χ ∈ ˆ¯G such that χ is principal on H¯t
and nonprincipal on N¯ . Therefore H¯t = N¯ and HtHs = NHs for all 1 s = t  2k. 
5. Proof of Theorem 1.1
In this section we prove Theorem 1.1. We start with two simple lemmas and their proofs,
which we omit, are easy exercises of applications of characters.
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relative to a subgroup N of order n in G, then for any subgroup H of N , the group G/H
contains (2m+1,2m,2m−1)-building sets relative to a subgroup N/H .
Lemma 5.2. Let G be a group of order 2m+n+1 and N a subgroup of G of order 2n. If E1, E2,
E3, . . . , E2m−1 form (2m+1,2m,2m−1)-building sets in G relative to N , then
2m−1∑
k=1
EkE
(−1)
k = 22m + 22m−n(G−N).
The next lemma excludes type (II) transversals from any (2m+1,2m,2m−1)-building sets in a
group of order 22m+1.
Lemma 5.3. Let G be an abelian group of order 22m+1 and m  3. There are no type (II)
transversals in any (2m+1,2m,2m−1)-building sets relative to any subgroup of order 2m in G.
Proof. If E1, E2, . . . , E2m−1 form (2m+1,2m,2m−1)-building sets relative to a subgroup of order
2m in G and, say, E1 is of type (II), then E1 = HE′ for some nontrivial subgroup H of G and
some subset E′ of G with |E′| = 8. Let x ∈ H and x = 1. Then the coefficient of x in E1E(−1)1
is |E1| = 2m+1, which contradicts Lemma 5.2. 
We now prove Theorem 1.1.
Proof of Theorem 1.1. The existence part of the theorem is given in [10,16]. By Lemma 2.3 and
results in [14,15], we need to prove that any abelian 2-group G of order 22m+1 and of exponent
no larger than 4 containing (2m+1,2m,2m−1)-building sets relative to a subgroup N of order
2m must contain an elementary abelian subgroup of index 2 in G. Let E1, E2, . . . , E2m−1 be
(2m+1,2m,2m−1)-building sets relative to N in G. We are going to show that N is an elementary
abelian subgroup of G.
Suppose N is not elementary abelian. Then there are characters χ ∈ Φ(Gˆ) which are not
principal on N . By the definition of building sets, E1, E2, . . . , E2m−1 are transversals of N
in G. By Corollary 4.8 and Lemma 5.3, there are type (I) transversals among E1, E2, . . . , E2m−1 .
Assume that E1 = a1H1 +a2H2, E2 = a3H3 +a4H4, . . . , Ek = a2k−1H2k−1 +a2kH2k , k  2m−1
are of type (I) transversals and the rest are not.
Claim 1. k = |Φ(N)|/2.
Let H = NH1. By Lemma 4.9, H = NHs = HsHt for all 1 s = t  2k and H is an index 2
subgroup of G. By Lemma 4.2, Hs ∼= N and Hs ∩N = {1} for all s. Let H0 = N . Since Hi <H
and H = HiN ∼= Hi × Hi for all 0  i  2k, Φ(Hi) < Φ(H) and Φ(H) ∼= Φ(Hi) × Φ(Hi)
for all 0  i  2k. Since Φ(Hi) ∼= Φ(N) as Hi ∼= N and (Φ(Hi) \ {1}) ∩ (Φ(Hj ) \ {1}) =
∅ as Hi ∩ Hj = {1} for all 0  i = j  2k, there can be at most |Φ(H) \ {1}|/|Φ(N) \ {1}|
such subgroups of Hi , i.e., 2k + 1 (|Φ(H)| − 1)/(|Φ(N)| − 1) = (|Φ(N)|2 − 1)/(|Φ(N)| −
1) = |Φ(N)| + 1. Therefore k  |Φ(N)|/2. On the other hand, for each type (I) transversal Ei ,
a χ ∈ Φ(Gˆ) has |χ(Ei)| = 2m if and only if χ is nonprincipal on N , principal on the maximum
elementary abelian subgroup of G and principal on exactly one of H2i−1 and H2i . There are
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|Φ(G)|− (|Φ(G)|/|Φ(N)|) characters which are not principal on N . Therefore, by Corollary 4.8
and Lemma 5.3, there should be at least
|Φ(G)| − (|Φ(G)|/|Φ(N)|)
2[(|Φ(G)|/|Φ(N)|) − (|Φ(G)|/|Φ(N)|2)] =
|Φ(N)|
2
Ei ’s of type (I). Hence k = |Φ(N)|/2.
Claim 2. k  2.
Since k = |Φ(N)|/2, the sets Φ(Hi)\{1}, i = 0, 1, . . . , |Φ(N)| form a partition of Φ(H)\{1}.
By Lemma 3.5, for each |Φ(N)|/2  i  |N |/2, Ei contains a coset of a subgroup, say Ki , of
order 2m−1 of G. By Lemma 5.2, Ki ∩Φ(H) = {1}. Therefore Ki ∩H is an elementary abelian
group. Since Ki ∩N = {1} as Ei is a transversal of N in G, one has
Rank(H) Rank(Ki ∩H)+ Rank(N) = Rank(Ki ∩H)+
[
Rank(H)/2
]
.
Therefore Rank(H) 2Rank(Ki ∩ H). Since H is of index 2 in G and |Ki | = 2m−1, the order
|Ki ∩ H |  2m−2 and the rank Rank(Ki ∩ H)  m − 2. This implies Rank(H)  2(m − 2) =
2m− 4 and Rank(Φ(H)) 4 as |H | = 22m. Hence k = |Φ(N)|/2 = √|Φ(H)|/2 2.
Claim 3. k = 1.
If k = 2, then N ∼= (Z/4Z)2 × (Z/2Z)m−4, H ∼= (Z/4Z)4 × (Z/2Z)2m−8. Also for each i > 2,
we have Ki ∩H ∼= (Z/2Z)m−2 and N(Ki ∩H) ∼= (Z/4Z)2 × (Z/2Z)2m−6. Let x ∈ Ki such that
x /∈ H . Then
G/NKi = 〈H,x〉/
〈
N(Ki ∩H),x
〉∼= H/N(Ki ∩H) ∼= (Z/2Z)2.
By Lemmas 4.5 and 5.3, Ei is of type (I), contradicting the assumption that Ei is not of type (I)
for |Φ(N)|/2 i  |N |/2. Hence k = 1.
Since k = |Φ(N)|/2 = 1, one has
N ∼= Z/4Z × (Z/2Z)m−2 and H ∼= (Z/4Z)2 × (Z/2Z)2m−4.
Also by Lemmas 4.5 and 5.3, G/NKi ∼= Z/4Z for i  2. From |G/H | = 2, one has either
Rank(Φ(G)) = 3 and G ∼= (Z/4Z)3 × (Z/2Z)2m−5, or Rank(Φ(G)) = 2 and G ∼= (Z/4Z)2 ×
(Z/2Z)2m−3.
Claim 4. Rank(Φ(G)) = 3.
If Rank(Φ(G)) = 3 and G ∼= (Z/4Z)3 × (Z/2Z)2m−5, let us consider the group G¯ =
G/Φ(N) ∼= (Z/4Z)2 × (Z/2Z)2m−4. In G¯, the image N¯ = N/Φ(N) of N is an elementary
abelian group of order 2m−1, and, by Lemma 5.1, the images E¯1, E¯2, . . . , E¯2m−1 of E1, E2,
. . . , E2m−1 form (2m+1,2m,2m−1)-building sets relative to N¯ in G¯. The transversal E¯1 is of
type (I) since E1 is. For i  2, E¯i contains the group K¯i , the image of Ki in G, and K¯i ∼= Ki as
Ki ∩N = {1}. Since G¯/N¯K¯i ∼= G/NKi ∼= Z/4Z and N¯ is elementary abelian, by Lemma 4.6, the
transversal E¯i is of type (I) for every i  2. We can now assume that E¯i = a′2i−1H ′2i−1 + a′2iH ′2i
for some subgroups H ′ and H ′ of order 2m in G¯ and some a′ and a′ in G¯ for i = 1, 2,2i−1 2i 2i−1 2i
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mentary abelian, i.e., Φ(H ′j ) is nontrivial, for all j because Rank(G¯) = 2m−2 while |H ′j | = 2m,
|N¯ | = 2m−1 and N¯ is elementary abelian. Also by Lemma 4.2, H ′2i−1 ∩ H ′2i is of order 2 and
contains Φ(H ′2i−1) and Φ(H ′2i ), and therefore H ′2i−1 ∩ H ′2i = Φ(H ′2i−1) = Φ(H ′2i ) is contained
in Φ(G¯) for all i. By Lemma 5.2, (H ′2s−1 ∩H ′2s) = (H ′2t−1 ∩H ′2t ) for all s = t , i.e., H ′2i−1 ∩H ′2i
are distinct subgroups of order 2 in Φ(G¯). Since |Φ(G¯)| = 4, the group Φ(G¯) only has three
subgroups of order 2. Hence 2m−1  3 and m 2, contradicting m 3.
Claim 5. Rank(Φ(G)) = 2.
If Rank(Φ(G)) = 2 and G ∼= (Z/4Z)2 × (Z/2Z)2m−3, let N ′ be an elementary abelian sub-
group of N of order 2m−2 such that N ′ ∩ Φ(N) = {1}. By Lemma 5.1, the images E¯1, E¯2,
. . . , E¯2m−1 of E1, E2, . . . , E2m−1 in G¯ = G/N ′ form (2m+1,2m,2m−1)-building sets relative
to N¯ = N/N ′ ∼= Z/4Z. Moreover the transversal E¯1 of N¯ in G¯ is of type (I) since E1 is and
E¯1 = a¯1H¯1 + a¯2H¯2, where a¯1, a¯2, H¯1 and H¯2 are images of a1, a2, H1 and H2 respectively in G¯.
We now show that the intersection H¯1 ∩ H¯2 is an elementary abelian group of order 2m−2. Since
H = H1H2 = NH1 = NH2 and N ∩ H1 = N ∩ H2 = H1 ∩ H2 = {1}, there are isomorphisms
f1 :N → H1 and f2 :N → H2 such that N = {f1(x)f2(x) ∈ H1H2 = H | x ∈ N}. Hence
N ′H1 =
{
h1f2(y) ∈ H1H2 = H | h1 ∈ H1, y ∈ N ′
}
,
N ′H2 =
{
f1(x)h2 ∈ H1H2 = H | x ∈ N ′, h2 ∈ H2
}
and N ′H1 ∩N ′H2 = {f1(x)f2(y) ∈ H1H2 = H | x, y ∈ N ′} ∼= N ′ ×N ′. This implies that
H¯1 ∩ H¯2 = (N ′H1 ∩N ′H2)/N ′ ∼= N ′
is an elementary abelian group of order 2m−2. Let F = H¯1 ∩ H¯2 and N¯ = 〈z〉. By Lemma 4.2, we
can assume that there is an element x of order 4 in G¯ such that H¯1 = 〈F,x〉 and H¯2 = 〈F,xz〉.
The group H¯ = 〈H¯1, H¯2〉 = 〈F,x, z〉 is an index 2 subgroup of G¯. Let y ∈ G¯ \ H¯ . Then y2 = 1.
Let K = 〈F,x, y〉. Then K ∩ N¯ = {1}. For each 2 i  2m−1, the set E¯i must have the form
E¯i = Fi0 + Fi1z + Fi2z2 + Fi3z3,
where Fi0, Fi1, Fi2 and Fi3 are disjoint subsets of K such that Fi0 +Fi1 +Fi2 +Fi3 = K . Since
for any character χ ∈ ˆ¯G with χ(z) = −1, |χ(E¯1)| = 2m if and only if χ is principal on 〈F,x2〉,
one finds that F20 + F22, F30 + F32, . . . , F2m−10 + F2m−12 form (2m, 2m−1, 2m−1 − 1)-building
sets in K relative to 〈F,x2〉, and hence we can further assume that
Fi0 + Fi2 = Ai0 +Ai2x
for some subsets Ai0 and Ai2 of sizes 2m−1 in 〈y,F,x2〉 for all i = 2, 3, . . . , 2m−1. Clearly,
Fi1 +Fi3 is the complement of Fi0 +Fi2 in K , therefore Fi1 +Fi3 = Ai1 +Ai3x, where Ai1 =
〈y,F,x2〉 −Ai0 and Ai3 = 〈y,F,x2〉 −Ai2 for all i  2. Let
E¯i = Bi0 +Bi1z +Bi2x +Bi3xz,
where
Bi0 = E¯i ∩
〈
y,F,x2, z2
〉
,
Bi1 = z−1E¯i ∩
〈
y,F,x2, z2
〉
,
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〈
y,F,x2, z2
〉
,
Bi3 = (xz)−1E¯i ∩
〈
y,F,x2, z2
〉
.
If p : 〈y,F,x2, z2〉 → 〈y,F,x2〉 is the natural projection, then p(Bis) = Ais for all i  2 and
s = 0,1,2,3, i.e., Bi0, Bi1, Bi2 and Bi3 are the lift-backs of Ai0, Ai1, Ai2 and Ai3 from
〈y,F,x2〉 to 〈y,F,x2, z2〉. Clearly, Bi0 + Bi2x = Fi0 + Fi2z2 and Bi1 + Bi3x = Fi1 + Fi3z2
for all i  2. Now we want to evaluate the coefficients of x2z2 in E¯iE¯(−1)i for i  2. If the
coefficient of x2z2 in E¯iE¯(−1)i is not 0 for some i  2, then E¯i contains a coset of 〈x2z2〉. Ob-
viously, such a coset must be in one of Bis , for some 0 s  3. Without loss of generality, we
can assume that Bi0 contains a coset of 〈x2z2〉. Let χ ∈ 〈̂z2〉 such that χ(z2) = −1. Then χ in-
duces a C-algebra homomorphism, which we denoted again by χ , χ :C[K × 〈z2〉] → C[K].
Let ρ :C[K] → C[K/〈x2〉] be the C-algebra homomorphism induced by natural projection
K → K/〈x2〉. Then ρχ(Fi0 + Fi2z2) ∈ C[K/〈x2〉]. For every character φ ∈ K̂/〈x2〉, φρχ is
a character of K × 〈z2〉 with φρχ(z2) = −1 and φρχ(x2) = 1. It can be extended to G¯ and
φρχ(E¯i) = φρχ
(
Fi0 + Fi2z2
)± φρχ(Fi1 + Fi3z2)√−1.
Since φρχ(Fi0 + Fi2z2) and φρχ(Fi1 + Fi3z2) are real as φρχ(x2) = 1, one has |φρχ(Fi0 +
Fi2z2)| = 2m or 0. On the other hand, Fi0 + Fi2z2 contains cosets of 〈x2z2〉 and they are in the
kernel of ρχ . Therefore |φρχ(Fi0 +Fi2z2)| |Fi0 +Fi2z2| − 2 (number of cosets of 〈x2z2〉) <
2m. Hence φ(ρχ(Fi0 + Fi2z2)) = 0 for all φ ∈ K̂/〈x2〉. This implies that ρχ(Fi0 + Fi2z2) = 0
in C[K/〈x2〉], or equivalently, ρ(Fi0) = ρ(Fi2). The fact that Fi0 and Fi2 are disjoint subsets
of K implies that Fi0 = x2Fi2 and Fi0 +Fi2z2 = (1+x2z2)Fi0. Since Bi0 +Bi2x = Fi0 +Fi2z2,
the sets Bi0 and Bi2 are unions of 2m−2 cosets of 〈x2z2〉 and Ai0 and Ai2 are unions of 2m−2
cosets of 〈x2〉 as Ais is the image of Bis under the natural projection G¯ → G¯/〈z2〉. Since Ai1 =
〈y,F,x2〉−Ai0 and Ai3 = 〈y,F,x2〉−Ai2, Ai1 and Ai3 are also unions of 2m−2 cosets of 〈x2〉.
Clearly these cosets in Ai1 and Ai3 must come from cosets of 〈x2〉 in Bi1 and Bi3 or cosets of
〈x2z2〉 in Bi1 and Bi3. Therefore Bi1 and Bi3 are unions of cosets of 〈x2〉 and cosets of 〈x2z2〉.
If Bi1 and Bi3 contains no cosets of 〈x2z2〉, i.e., Bi1 + Bi3x = Fi1 + Fi3z2 is the union of 2m−1
cosets of 〈x2〉, let χ1 ∈ 〈̂x2〉 such that χ1(x2) = −1 and χ2 ∈ 〈̂z2〉 such that χ2(z2) = −1 and
χ1χ2 and χ2 induces C-algebra homomorphisms
χ1χ2 :C
[〈
y,F,x2, z2
〉]→ C[〈y,F 〉]
and
χ2 :C
[〈
K,z2
〉]→ C[K].
For every character φ ∈ 〈̂y,F 〉, one has φχ1χ2 ∈ ̂〈y,F,x2, z2〉 which can be extended to G¯. Ap-
plying such an extension to E¯i , one finds that φχ1χ2(Bi0) = φχ1χ2(Bi2) = 0 for all φ. Hence
χ1χ2(Bi0) = χ1χ2(Bi2) = 0 in C[〈y,F 〉]. On the other hand, for χ0 ∈ 〈̂x2〉 with χ0(x2) = 1, one
also has χ0χ2(Bi0) = χ0χ2(Bi2) = 0 as Bi0 and Bi2 are unions of 2m−2 cosets of 〈x2z2〉. There-
fore χ2(Bi0) = χ2(Bi2) = 0 in C[〈y,F,x2〉]. This implies that χ2(Fi0 + Fi2z2) = 0 in C[K]
or Fi0 = Fi2 in K . Since Fi0 and Fi2 are disjoint, Fi0 = Fi2 = ∅, which contradicts the as-
sumption that Bi0 contains a coset of 〈x2z2〉. Hence Bi1 or Bi3 contains cosets of 〈x2z2〉, i.e.,
Fi1 +Fi3z2 contains cosets of 〈x2z2〉. Using arguments similar to those for Fi0 +Fi2z2, one can
show that Fi1 + Fi3z2 is the union of 2m−1 cosets of 〈x2z2〉. Therefore E¯i is the union of 2m
cosets of 〈x2z2〉, i.e., the coefficient of x2z2 in E¯iE¯(−1) is |E¯i | = 2m+1. Thus for each i  2, thei
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(−1)
1 is
2m, the coefficient of x2z2 in
2m−1∑
k=1
EkE
(−1)
k
is congruent to 2m (mod 2m+1). By Lemma 5.2, one gets 22m−2 ≡ 2m (mod 2m+1), a contradic-
tion as m 3.
Therefor the group N must be elementary abelian. By Lemma 3.5, Corollary 4.7, Lemmas 5.3
and 4.2, the group G contains an index 2 elementary abelian subgroup H ∼= N ×N . 
As we can see from the proof of Theorem 1.1 together with Corollary 4.7, Lemmas 5.3
and 4.9, the way of constructing these abelian (22m+1(2m−1 + 1),2m(2m + 1),2m)-difference
sets for m  3 is essentially unique and is discovered by McFarland [16] and Dillon [10] even
though such difference sets may not be unique up to equivalence in a given abelian group. It
would be very interesting to classify these difference sets since they are all known.
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